Abstract-The wavelength dependency of transparent current is investigated theoretically and empirically for bulk and quantum-well (QW) materials. A new analytical formula is presented for obtaining accurate Fermi levels of QW structures under current injection. The transparent current can be described with an exponential function of the wavelength using two fitting parameters. The simple expression can clearly indicate the fundamental limit of the wavelength resolution when the wavelength dependency is applied for wavelength sensing. The formula was also exploited to obtain the condition of achieving uniform threshold current for wavelength division multiplexing (WDM) lasers that may cover a wide range of wavelength.
I. INTRODUCTION
T HE TRANSPARENT condition is a unique property that determines if an active material is under amplifying or absorptive condition. This property is thus strongly correlated with the characteristics of semiconductor lasers and amplifiers, such as the threshold current, thermal effects, and gain. The theory for the transparent property was developed concurrently with the laser theory [1] . In most of the previous literature, the transparent properties of semiconductor lasers and amplifiers were addressed as the bias condition for zero peak gain [2] - [7] . This type of transparent condition is not appropriate for describing the characteristics of single-wavelength lasers, like distributed-feedback (DFB) lasers, or semiconductor optical amplifiers (SOAs). For these devices, the transparency for a specific wavelength is of major concern. Moreover, the investigation on the transparency aimed at achieving low threshold current or reducing the thermal effects of laser diodes (LDs).
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dependency is important for designing the material structure of wavelength-division-multiplexing (WDM) lasers in order to cover a wide range of wavelength [8] . It is also important for investigating the wavelength resolution when the wavelength-dependent transparency in an SOA or LD is used for wavelength sensing [9] , [10] . Fast evolution in fiber optic networks has resulted in strong demand for laser sources that can provide dozens to hundreds of densely spaced wavelength channels, either simultaneously or in a tunable way [11] . There is also increasing interest in using a few coarse WDM (CWDM) channels to expand the information capacity for access networks [12] , [13] . The preferred channel spacing for such type of applications is 20 nm or more. If these WDM lasers are to be fabricated out of a single wafer, the wavelength dependency of the transparent condition must be optimized in order to minimize the variation of the threshold current for different wavelength channels. On the other hand, for applications as wavelength sensors, the transparent current is favored to be as sensitive to wavelength change as possible. In order to investigate and optimize the wavelength dependent characteristics for different applications, analytical expressions for the transparent current will be derived in this paper. Simple formulas will help to delineate the relations between the device performance and the design parameters. We will show that the variation of transparent current with wavelength can be roughly described with an exponential function. This analytical formula will be applied to discuss the wavelength resolution of the sensors and the differential gain of WDM laser sources.
The remaining part of this paper will be organized as follows. The transparent condition and the ideality factor for indicating the wavelength dependency will be addressed in Section II. In Section III, an approximate expression was derived to describe the quasi-Fermi levels for quantum-well (QW) structures. The analytical formula for calculating the corresponding wavelength for a specified transparent current will be addressed for both bulk and QWs. Numerical calculation to show the accuracy of the approximation will be presented in Section IV. Experimental transparent characteristics for commercial SOAs will also be presented for comparison. The implications for designing DWDM sources and wavelength sensors will be addressed in Section V. A brief conclusion will be drawn in Section VI.
II. WAVELENGTH-DEPENDENT TRANSPARENCY
For a direct-bandgap semiconductor material, it can provide either gain or loss onto the input optical signals, depending on its bias condition. The material is operated at its transparent condition when its net gain is zero. This corresponds to the condition that the occupation probability for the conduction band is equal to that for the valence band. Following the Bernard-Duraffourg inversion condition [1] , the transparent carrier density can be obtained from (1) where and normalized quasi-Fermi levels for electrons and holes, measured from the band edge and positive into the bands, respectively; normalized photon energy; normalized energy gap between the lowest and highest subbands for electrons and holes, respectively. Throughput this paper, all the energy parameters are normalized with respect to the thermal energy, . The transparent current corresponds to the injection current that makes the induced separation between the quasi-Fermi levels of electrons and holes equal the incident photon energy. Thus, to reach transparency the required injection current is higher for an incident light with a shorter wavelength.
The variation of transparent current with wavelength can be characterized by (2) In this equation, the transparent current density is related to the transparent carrier density by , where is the electron charge; is the thickness of the active layer; is the internal quantum efficiency; and is the carrier recombination rate.
is frequently written as: , where , , and are the carrier recombination coefficients [7] , [8] . Both and depends on the material structures.
In order to provide a unified measure for comparing different material structures, we define an ideality factor for the wavelength dependency as (3) is constant if the transparent current is an exponential function of the photon energy. The transparent current density can thus be expressed with the -parameter as: (4) where is a reference energy and stands for the transparent current density at the reference energy. The second equality exists when remains almost constant within an interested wavelength range. For this case, (3) indicates that the variation rate of the transparent current density is linearly proportional to the transparent current density. That is, a device that has a larger transparent current density will give rise to a more sensitive transparency. A smaller value of further indicates a stronger dependency. The role of the -parameter in (4) is like the ideality factor in describing the current-voltage characteristics of a diode.
III. TRANSPARENT CARRIER DENSITY AND FERMI ENERGY
We will derive in the following the explicit formulas for the wavelength-dependent transparency. Only the bulk and unstrained QW structures are discussed here but the formulation can be extended to other material structures. It is assumed throughout this paper that all subbands are parabolic with effective mass approximation. Usually, the transparent carrier density does not vary significantly over the interested wavelength range, so the carrier recombination rate will be simply expressed as . The exponent ranges between 2 and 3 for long-wavelength lasers. In addition, the bandgap shrinkage effect is approximated as , where and are parameters depending on the material structure [14] .
The wavelength dependency is related to how the Fermi levels vary with the carrier density. For bulk materials, the carrier density and Fermi level are governed by the Fermi-Dirac integral that can be approximated by the Joyce-Dixon expansion [8] . The simplest approximation would be the Boltzmann's approximation, but it is oversimplified in describing the transparency where at least one of the electron and hole concentrations is under the degenerate condition.
For QW structures, the expression for obtaining the Fermi level with respect to a given carrier density is often written as [3] : (5) where , with and being the electron and hole concentration in the active region, respectively. and are defined as (6) Equation (5) was frequently used to explain the gain as a logarithmic function of carrier concentration [3] - [6] , but it is exact only if a single subband is occupied. A better formula for obtaining the Fermi levels of electrons is derived in Appendix A as: (7) where:
The quantized energy levels, , can be obtained once the QW structure is given. The Fermi level for holes can be written in a similar way as (7) by substituting the subscript with ; and (8) can be used for holes by changing the subscript to . Equation (7) is exact for conduction and valence bands with two quantized subbands. For QWs with more than two quantized levels, e.g., for thick QWs, this expression can usually provide excellent accuracy. In fact, for single subband, (7) approaches (5) after taking the limit of and . It will be shown later that, as the QW supports more than one bound states, calculating the transparent carrier density with (5) may result in considerable error.
The closed-form expressions for the wavelength-dependent transparency can then be written as for bulk (9) for QWs (10) where s are the Joyce-Dixon coefficients; and
for two or more bound states or
for single bound states. The associated parameters are defined as
The analytical expressions, (9) to (11a)-(11d), can be used to obtain the corresponding wavelength for a given transparent current with good accuracy. For the extreme case of low-level injection the transparent current density can simply be written as (13) stands for and for bulk and QW, respectively. This suggests that the relation between the transparent current and wavelength may be written as an exponential function, as given by (4). The exact results were calculated from searching the current density for zero gain using standard gain calculation. The approximate results refer to the calculation using (9) without including lineshape broadening.
The analytical formulas for the ideality factor can also be derived from (3), (9) , and (10) as for bulk materials (14) and for QWs (15) where (16a) for the cases of more than one bound states, and
for the cases of single bound state. For bulk materials, the terms inside the summation of (14) are larger for higher transparent current density (or shorter wavelength). The wavelength dependency of for QWs can easily be delineated for the single-subband case. It can be proven from (16b) that is larger than , so is . Furthermore, both and increase monotonically with , so is again larger for shorter wavelength. The bandgap shrinkage effect decreases slightly and is also wavelength dependent since increases with carrier density. Fig. 1 shows the calculated transparent current density for the InGaAsP bulk material. The material parameters are listed in (5) with modified N and (7), respectively.
IV. NUMERICAL AND EXPERIMENTAL RESULTS
Appendix B [15] . The "exact" solution was obtained from locating the carrier density for zero gain following the standard gain calculation procedures. The effects of bandgap shrinkage and lineshape broadening as well as the temperature dependency of the recombination coefficients were included in the calculation. It is clear that the transparent current density is larger for shorter wavelengths and increases with the temperature. This figure also indicates that the approximate results calculated using (9) without considering lineshape broadening can lead to reasonably close results with the exact calculation.
For QW structures, the numerical results for lattice-matched InGaAs-InGaAsP wells are shown as examples. The material parameters for the calculation are also listed in Appendix B [16] . Fig. 2 depicts the calculated separation in quasi-Fermi levels for different well widths. In Fig. 2 , Approx. 1 refers to the calculation using (5) with modified (Makino's approximation [6] ). This approximation is equivalent to (5) for wells with a single bound state, which is the case for the conduction band of this specific example. In Fig. 2 , Approx. 2 refers to the calculation with (7). For well width of 120 Å and 180 Å, (7) can provide excellent accuracy, but the error from Approx. 1 is significant. The error comes mainly from the calculation of the electron Fermi level, since for these two well widths the conduction band has two subbands. This reveals that the accuracy of Approx. 1 is questionable for the cases of multiple subbands. It can also be observed from this figure the influence of well width on the transparent current density. When the incident light energy is close to the bandedge transition, , the transparent carrier density decreases with the well width, . This can be easily predicted from (10) in the limit of low-level injection and single bound state. (1) and (7) with the inclusion of bandgap shrinkage. Marker "2" indicates a similar calculation as the exact one except for the lineshape broadening.
(7) with the inclusion of bandgap shrinkage. Equation (5) was used in obtaining for the 80-Å well, because it contains only one bound state. For this specific example, the transparent current of the 80-Å well is smaller than that of the 120-Å well. Fig. 3 clearly indicates that the analytical approximations can provide really good accuracy; and the error is mainly caused by the neglect of the lineshape broadening. To prove this, the results obtained from locating the zero-gain condition without considering the lineshape broadening is also shown in the figure for comparison. They are almost identical to the results of analytical approximation.
It has to be pointed out that the Bernard-Duraffourg condition, (1), does not account for the lineshape broadening effect. The exact calculation of the gain coefficient involves the integration of the product of the reduced density of states, Fermi functions, and the lineshape functions [8] . Zero gain does not necessarily occur at the Bernard-Duraffourg condition. The gain coefficient can be written as (C.1) in case that the lineshape function is narrow enough that the Fermi functions are approximately constant over the range of energies for which the lineshape function is significant. In such case, transparency occurs at the Bernard-Duraffourg condition. Fig. 4 shows the calculated -parameter for the bulk material. The parameter varies slightly versus the wavelength and its value ranges from 1.3 to 1.6 for most of the wavelength range. The material tends to have a slightly smaller -parameter at higher temperature. For comparison, the results from the analytical approximation are also shown in Fig. 4 . It indicates that the rising of at the long wavelength side (near the bandedge) is due to the linewidth broadening effect. Thought the analytical approximation can provide acceptable accuracy in calculating the transparent current, the error in calculating is noticeable.
The -parameter for QW structures of two different well widths is depicted in Fig. 5 . In contrast to the bulk case, the analytical expression (15) can be really accurate in calculating for QWs. Lineshape broadening is again the main cause of the difference between the exact and approximate results. In order for comparison with the theory, we measured the -parameter for two commercial SOAs operating around 1.55 m (Alcatel 1901) and 1.3 m (Phillips CQF882/E). Figs. 6 and 7 show the results that were obtained by calculating the derivative numerically from the measured transparent current versus wavelength. The transparent current was determined from minimizing the induced junction voltage across the diode [9] . In measuring these data, the light from a tunable laser was modulated with an external modulator and coupled into the SOA. The wavelength was monitored with a high-precision wavelength meter and the induced junction voltage was detected with a lockin amplifier. The SOA was biased with a low-noise current source and a temperature controller was used to stabilize its temperature. The tunable laser used for measuring the 1.55-m SOA has a resolution of 1 pm and very good wavelength stability, while the 1.3-m tunable laser has a relatively poor resolution and stability.
It is shown that the measured -parameters for both SOAs fall within the reasonable range predicted by the theory. Matching the experimental data with numerical results is not of major concern here because the detailed device parameters of the SOAs are not known exactly. However, the variation of the -parameter with the wavelength shows very consistent tendency with the theoretical analysis. The measured transparent current can be well represented using the exponential form of (4) with a constant . Let the reference energy be 0.8 eV for the transparent current of the 1.55-m SOA, the curve-fitted -parameter is 1.505, 1.504, 1.504, and the reference transparent current is 24.37, 26.70, 29.49 mA, for the temperature of 20, 25, and 30 degree C, respectively. The curve fitting achieves less than 1% error from the measured data for the wavelength range between 1530 and 1580 nm. Though the -parameter shows larger fluctuation for the 1.3-m SOA due to poor performance of the measurement apparatus, the curve fitting using a constant -parameter can still provide really good accuracy.
V. IMPLICATIONS FOR WAVELENGTH SENSORS AND WDM LASERS
It has been shown that the wavelength dependency of transparent current can be represented in an exponential form with two fitting parameters, and . This analytical expression can help to discuss and optimize the material structures of wavelength sensors and WDM lasers. For applications of wavelength sensing, a stronger wavelength dependency for the transparent current is desired to achieve better wavelength resolution and accuracy. Due to the roughly exponential dependency, is larger at a shorter wavelength whereat higher wavelength resolution can be achieved for a given current resolution. Increasing the active volume of the SOA can also improve the slope of vs. . However, for high-precision measurements, the current resolution is usually limited by a specified . From (4), the wavelength resolution for a given current resolution is given by (17) This equation indicates that a smaller gives a better resolution in terms of for a given . For the 1.55-m SOA, Fig. 7 indicates that the resolution around 1550 nm can be roughly estimated from nm . That is, to achieve 0.01-nm wavelength resolution requires a of .
is larger (worse) at shorter wavelengths. It is clear that exploiting the -parameter is very helpful in evaluating the inherent wavelength resolution when an SOA or LD is used as a wavelength sensor. From the theoretical and experimental results, the typical value of this parameter ranges between 1 and 2 within the interested wavelength range. Therefore, the ultimate resolution is bounded by (17) with . Modifying the material structure might change but not in a significant way. To better the resolution will require improving the current resolution of the bias source.
For realizing WDM laser sources out of an active material, the gain may have to cover a wide range of wavelength. A small -parameter gives rise to strong wavelength variation of the transparent characteristics. Therefore, the value of the -parameter can affect the threshold characteristics significantly. The gain coefficient is frequently written as a logarithmic function of the current density [18] , [19] ( 18) where is the differential gain at transparency. The wavelength-dependent transparent current itself tends to raise the threshold current at shorter wavelength. Equation (18) indicates that the differential gain can be larger for shorter wavelength. To achieve a less wavelength-dependent threshold current requires optimization of the material structure and bias current to have the wavelength dependency of transparent current and differential gain compensate each other.
The logarithmic functional form of gain coefficient as given in (18) has been claimed to well describe the gain of QW lasers, but it usually refers to the peak gain. In order to simplify the discussion, we will assume here that (18) can be used for describing the wavelength-dependent gain coefficient. It can be shown that (see Appendix C) the differential gain at transparency can be written as (19) where , and is the transition energy between the th subbands of the conduction and valence bands. The parameter has very similar wavelength dependency as does, and is defined as (20) For a strained QW that has equal effective mass for electrons and holes, the term inside the hyper-cosine of (19) is zero, so it has a larger than unstrained QWs, provided that the other factors are the same. Equation (19) reveals the factors relating to the wavelength variation of differential gain. Roughly speaking, the last two terms have relatively weak dependency except for the lineshape broadening effect at the band edge. Furthermore, both and increases as the wavelength decreases. Let , then increases slightly as the wavelength moves to shorter wavelength. Due to the exponential dependence of on the wavelength, (19) indicates that becomes smaller for shorter wavelength. also decreases with the wavelength at the long-wavelength side due to the lineshape broadening effect. The wavelength variation is similar for the 120 and 180-Å wells except that the second peak appears at the wavelength corresponding to the transition of the second subbands. For comparison, Fig. 9 shows the measured gain and the differential gain at transparency for the 1.55-m SOA. The gain was measured by comparing the input and output power of the SOA. Narrow-band optical filters were placed before and after the SOA to minimize the effects of spontaneous emission. Thus accurate gain coefficient can easily be obtained with the known transparent current. The results show very similar tendency as the calculated data of the 180-Å well. This can also reveal the transition energies of the quantized subbands for the SOA.
The differential gain at a fixed bias is , which becomes larger at shorter wavelength in spite of the decreasing . Thus, as the bias increases from the transparent point, the difference in the gain coefficient among different wavelengths can decrease and there is a chance that the gain coefficients for different wavelengths become very close at some bias. This can be observed from the measured gain curves at the bias of around 65 mA, as shown in Fig. 9(a) . It is thus viable to achieve a uniform threshold current for WDM lasers by optimizing the number of QWs and the mirror loss.
From (18) , the wavelength variation of the required threshold current density, , can be written as (21) where is the threshold gain coefficient. Therefore, the optimal choice of the threshold gain coefficient to minimize the wavelength variation is This is again verified from the measured gain curves for the SOA, as shown in Fig. 9(a) . Noting that the length of a laser source is typically shorter than that of the SOA (about 1 mm), so the optimal current can be much smaller than 65 mA if the same material is used. Furthermore, needs to be almost constant over the wavelength range in order to satisfy the condition of (22) for a wide range of wavelengths.
VI. CONCLUSION
This paper addresses the wavelength dependency of the transparent current in bulk and QW materials, aiming at designing material structures for applications in wavelength sensing and WDM lasers. An analytical formula was first derived for QWs to obtain the Fermi levels from a given carrier density. This formula was shown to provide much improved accuracy in calculating the Fermi levels when the QW contains multiple bound states. We then described the wavelength dependency with an exponential function of the photon energy. The ideality factor for indicating how sensitive the transparent current varies with the wavelength was defined and calculated with a simple expression. The calculated and measured ideality factor varies slowly with wavelength and ranges between 1 and 2 for the wavelength range of typical applications. This suggests that, over a limited wavelength range, the variation of transparent current with wavelength can be described in an exponential form using a constant ideality factor. We applied such a functional form to curve-fit the experimental data and obtain really good consistency.
The fundamental limitation on the resolution of wavelength sensing using the wavelength dependency can easily be described with the help of the analytical formula. It is shown that the ultimate resolution (about 0.01 nm around 1.55 m) of this sensing technique may be satisfactory for DWDM applications. However, it requires improvement on the resolution of the current source if higher wavelength resolution is desired. The exponential function form can also help to provide a simple formula for describe the differential gain and to find the condition for achieving uniform threshold current over a wide range of wavelength. The measured gain curves showed the feasibility of designing WDM lasers with uniform threshold for different wavelengths.
APPENDIX A
For QW structures, the relation between the carrier densities and the Fermi energies can be described by [8] (A.1) where and are the normalized Fermi levels measured from the band edge of the th quantized subband for electrons and holes, respectively. The summation is over all the subbands. We will derive the equations for electrons here, and those for holes can be obtained similarly. Equation (A.1) can be rewritten as Under small or moderate injection condition and when the QW has sparsely spaced quantum states, the terms after can be neglected in (A.2) . Thus, the closed-form solution given by (7) can be used to obtain the quasi-Fermi levels for a given bias condition. This solution is exact if the QW has two bound states. For higher injection condition or wide wells, the thirdorder term must be included. Such an equation can still have closed-form solutions. The solution is exact when the QW has three bound states.
APPENDIX B MATERIAL PARAMETERS
A. Bulk Structures: InGaAsP (Bandgap Wavelength 1.551 m at 300 K) [8] , [15] [6] , [16] m /s, m /s. The QW parameters are the same as [6] . The lineshape broadening and bandgap shrinkage are modeled with the same parameters as bulk cases.
APPENDIX C
The gain coefficient can be written in the following form to clarify the wavelength dependency [6] , [8] :
(C.1) where gain scaling factor that includes the transition matrix element and other material parameters; and Fermi functions for electrons and holes, respectively; reduced density of state; full-width at half-maximum (FWHM) of the Lorentzian lineshape. To clarify the wavelength dependency, (19) was derived with the following assumptions: 1) all the quantized subbands have the same effective mass; 2) the transition matrix element is wavelength insensitive [8] ; and 3) is assumed to be small enough that the Fermi functions are approximately constant over the range of energies for which the lineshape function is significant.
The differential gain at transparency can be written as The differential gain at transparency can also be obtained from (18) as (C .7) Comparing (C.6) and (C.7), is given by (19) .
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